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Abstract. We introduce the Tier-based k-Strictly Local Inference Algo-
rithm (KTSLIA), an algorithm that learns the class of Tier-based Strictly
k-Local (TSLy) formal languages in polynomial time on a sample of pos-
itive data whose size is bounded by a constant. The TSLj languages are
useful in modeling the cognition of sound patterns in natural language
[6,11], and it is known that they can be efficiently learned from posi-
tive data in the case that k = 2 [9]. The kTSLIA extends this result to
any k and improves on its time efficiency. We also refine the definition
of a canonical TSL; grammar and prove several properties about these
grammars that aid in their learning.

1 Introduction

This paper introduces an algorithm that provably and efficiently learns a gram-
mar for any Tier-based Strictly k-Local (TSL) formal language [6]. In brief, this
subclass of the regular languages encompasses those languages that prohibit cer-
tain sequences of adjacent symbols, where adjacency is assessed with respect to a
subset of the alphabet (the tier) while ignoring all intervening non-tier symbols.
A TSL; grammar therefore comprises a tier, labeled T', and a set of k-factors
(length-k sequences) that are forbidden on the tier, labeled R.

The TSL languages have been motivated from linguistic and cognitive per-
spectives [6,8,11,12], drawing from patterns in natural language phonology in
which co-occurrence restrictions apply to a subset of the sounds, ignoring all
sounds not in that subset. For example, Finnish words only contain vowels from
the set {i, ¢, d} or the set {u,0,a}, and not both, regardless of any intervening
consonants or vowels {4, e}. For example, words pdiitand ‘the table (essive)’ and
pappina ‘priest (essive)’ are attested in Finnish, but words like poiitina and
pdppina, which contain vowels from both sets, are not attested [14, 15]. This can
be modeled by a TSL, grammar which bans, e.g., da and ad sequences once all
sounds not in the set {i, d, @, u,0,a} (i.e, all consonants and the vowels {7, e})
have been deleted [6]. Such patterns are common in natural language, ranging
over a variety of tiers [15, 11].
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As such, it is of interest to understand how such grammars can be learned
from positive evidence. While the learning problem is trivial when the contents of
the tier are provided a priori [6], it has not yet been established that an efficient,
non-enumerative algorithm exists which can induce both the tier and the k-factor
components of the grammar for TSLj languages of any k. For k = 2, the Tier-
based Strictly 2-Local Inference Algorithm (2TSLIA) of [9] exactly identifies
a TSLy tier and permitted 2-factors given positive data in quartic time. The
present work generalizes and improves on this result, introducing an algorithm we
call the Tier-based Strictly k-Local Inference Algorithm (KTSLIA), that provably
learns the class of TSLj languages for any value of k in quadratic time with
a data set bounded by a constant. A secondary result is that we refine the
notion of canonical TSL; grammars, distinct from the notion introduced for
TSLj, grammars in [9], and prove properties of these grammars that the kTSLIA
can use to induce a TSL grammar exactly from positive examples.

The paper is structured as follows. §2 summarizes the relevant notation,
concepts, and definitions used throughout this paper. §3 defines the TSL class of
formal languages and proves some properties of this class that can be exploited
in learning. §4 presents the KTSLIA and §5 proves that the algorithm learns
the TSLy class of languages in polynomial time and data for any value of k. §6
summarizes the contributions of the paper, discusses future work, and concludes.

2 Preliminaries

We use standard set notation. For a set S, |\S| denotes its cardinality and Pg, (.5)
the set of finite subsets of S. For sets S and R, S — R denotes {s € S|s € R}.

An alphabet X is a finite set of symbols. A string w = o1053...0,, over X is
a finite sequence of n symbols o; € X; let |w| denote its length (i.e., n). Let
A denote the empty string, the unique string of length 0. We write wv for the
concatenation of strings w and v; note that wA = Aw = w. By X* we denote the
set of all strings over X, including A. A set L of strings or language is a subset
of X*. The size ||L|| of a language L is the sum of the lengths of its composite
strings; i.e. |[L]| = >, cp lw]. A grammar G is some finite representation of a
language; we write L(G) for the language represented by G.

We often make use of special boundary symbols x and x, assumed not to be
members of X, to mark the beginning and end of a strings, respectively. We abuse
the concatenation notation somewhat and write wL (Lw) for the concatenation
of w to the beginning (and/or end) of each string in L. Thus, xX*x denotes the
set of strings over X2’ marked with beginning and end boundaries.

A string u is a substring of w if there are two strings vy, vs such that w =
v1uvy. Let |w| be the length of w. We say w is a k-factor of w if u is a substring
of xwx and |u| = k. Note that A is the single 0-factor for any string. Define a
function facy which returns the k-factors of xwix (or xwx if | x w x | < k):

facp(w) = {u | uis a k-factor of w} if [ xwx | >k
{xwx} otherwise



Finally, we extend facy, to languages such that facy(L) = |, fack(w).

2.1 Learning Paradigm

The learning paradigm considered here is exact identification in the limit [2]
in polynomial time and data [7]. Under this paradigm, a learning algorithm is
assumed to be given sufficient examples to identify the learning target. However,
the amount of information necessary to distinguish a learning target must be
polynomial in the size of the representation (grammar) for this target, and the
algorithm must run in time polynomial in the size of the input data.

A class C of languages is said to be describable by a class G of grammars if
each G € G is finite and there is a total, surjective naming function f : G — C
from any grammar to a language in C. The goal is an algorithm A which, given
a finite set of examples from any L € C, returns a grammar G € G for L.

Definition 1 ((C,G)-learning algorithm). Let C be a class of languages over
an alphabet X describable by a class G of grammars. An input sample I of some
L € C is a finite set of strings in L; that is, I C L. A (C,G)-learning algorithm
is a function A : Pan(X*) — G that takes a finite sample of strings as an input
and outputs a grammar in G.

Given a particular (C,G)-learning algorithm, a characteristic sample of a
language in C is a sample of that language such that the algorithm is guaranteed
to identify a grammar which exactly describes the language.

Definition 2 (Characteristic sample). A characteristic sample I for a lan-
guage L for a (C,G)-learning algorithm A is a sample of L such that for all
samples I O I of L, L = L(A(I)).

We also define a further goal which is that an algorithm can induce any
member of a class of languages in time polynomial in the size of the data, and
that the size of the characteristic sample for any language is polynomial in the
size of its grammar the size of a grammar G (which is denoted |G|).

Definition 3 (Identification in polynomial time and data).

A (C,G)-learning algorithm A identifies C in polynomial time and data when
there are two polynomial functions f and g such that, for any language L € C,
given a sample I containing a characteristic sample of L, L(A(I)) = L, and

1. the size I¢ of the characteristic sample of L is, for any grammar G € G that
represents L, at most f(n), where n = |G|.
2. A returns a grammar for L in O(g(||I||)) time.

3 Tier-based Strictly Local Languages

3.1 Strictly Local Languages

The Tier-based Strictly Local (TSL) class of formal languages [6] is a generaliza-
tion of the Strictly Local (SL) (otherwise known as Locally Testable in the Strict



Sense) class of languages first studied in [13]. It will be useful to understand some
concepts with respect to the SL languages, so we review these languages first.

Given an alphabet X define a SL; grammar as a set R C facg(X*). The
language of this grammar is thus L(R) = {w € X* | facy(w) N R = 0}. In other
words, R defines a set of forbidden k-factors that do not appear as substrings
of any string in L(R). For example, for the alphabet X' = {a,b}, R = {xa,ax}
describes the set of strings L(R) = {\, b, bb, bab, bbb, ...}; i.e., exactly the strings
in X* that do not begin or end with an a. This L(R) is a Strictly 2-Local (SLg)
language, as R consists of 2-factors of X*.

The SL languages lie at the bottom of the Sub-Regular Hierarchy of sub-
classes of the Regular languages [13,17,16]. Though simple in computational
complexity, SL languages are formally similar to n-gram models [10], and have
been shown to model local co-occurrence restrictions in natural language phonol-
ogy [4,16]. Furthermore, given k, any SLj class is efficiently identifiable in the
limit from positive data using a very simple procedure [1,3]. For a sample I
of strings from a target SL; language L, we can return a grammar R where
R = facy(X*) — e fack(w) such that L(R) = L. Remark 1 notes the effi-
ciency of this procedure (which bears on the results of §5).

Remark 1. Calculating facy([) is linear in ||I|].

Proof. Returning the k-factors of a string w takes | x w x | — k — 1 steps, which
is effectively O(|w|). For a set of strings I the complexity is thus O(||I]]). O

3.2 TSL Languages, Grammars, and Known Properties

The Tier-based Strictly Local (TSL) languages generalize the SL languages in
that forbidden k-factors are interpreted to only apply to some subset or tier
T of the alphabet X. Following [6], we define a function eraser that returns
a string with all non-members of T removed: eraser(ci03...00,) = ujusa...uy
where each u; = o; if 0; € T; u; = X otherwise. For example, for X' = {a, b} and
T = {b}, then eraser(abbaaabab) = bbbb. We then can define the tier k-factors
of a string as facy(eraser(w)). A TSL grammar is thus a pair (T, R) where T
is a tier and R C facy(T™) is a set of forbidden tier k-factors. The language of
such a grammar is thus L((T, R)) = {w € X* | facy(eraser(w)) N R = 0}.

For example, for X = {a, b}, L(({b}, {bbb})) is the set of strings such that
no 3 bs occur in the string, no matter how many as intervene between the bs
(note the above string abbaaabab is not in this language; abaaab, for example,
is). Because they restrict how members on T' may appear in a language, we will
sometimes refer to members of R as restrictions on symbols on the tier.

We say a grammar G = (T, R) is canonical iff T is as small as it can be with-
out changing the language. The notion of canonical grammar leads to important
properties that a learning algorithm can use to induce the correct tier.

Definition 4 (Canonical T'SL; grammar). A T'SL, grammar G = (T, R)
is canonical iff for any TSLy grammar G' = (T',R’), L(G) = L(G’) implies
TCT.



Example 1. Let X' = {a,b,c}. Let G = ({b},,{bb}r); L(G) is the set of strings
of any number of as and cs but at most one b. G is canonical as no TSLy grammar
for L(G) a smaller tier. For example, L(({a,b}; ,{bb}g/)) = L(G") but T C T".

Note that, under this definition, the canonical grammar for X* is (@, #), which
does not specify restrictions on any o € X, as the empty set is the smallest tier
needed to describe X* (note that this is the unique case in which R can be
empty in a canonical grammar). Likewise, the canonical grammar for the empty
language is (0, {x, x}) for k=1, and (9, {xx }) for k& > 1.

Several existing learning results pertain to the TSL languages. First, given
T, learning R is identical to SL learning [6] procedure outlined in §3.1 [6]. An
interesting question, however, is whether or not 7" can also be learned. As Y is
finite, the set of possible T's is finite, and so the class of possible TSL languages for
a given X' and k is finite, and thus can be learned via an enumerative method [2].
Thus, in principle, there is a method for learning T'. However, as TSL grammars
appear to be relevant to linguistic cognition and learning [5,11], it is of interest
to pursue a non-enumerative method that meets the efficiency criteria in §2.1.

For TSL, languages, such a method does exist. The Tier-based Strictly 2-
Local Inference Algorithm (2TSLIA) of [9] can learn TSLy languages in quartic
time with a data sample bounded by a constant. Essentially, the 2TSLIA does
this by recursively removing symbols in X' from its hypothesis for T and checking
the tier 2-factors present in the data based on this new guess for the tier.

The algorithm described in the following section improves on this result in
two ways. One, it can learn a TSLj language given any k. T'wo, it accomplishes
this in quadratic time by removing the recursive step.

3.3 Some Useful Properties of Canonical TSL Grammars

Given a canonical grammar (T, R), Lemma 1 gives the following important prop-
erty of members of T" which belong to some restriction in R. We henceforth
assume factors are of strings in xX*x (e.g., ignoring all u; X us where u; # \).

Lemma 1. If G = (T, R) is a canonical TSLy, grammar, then Vo € T for which
there exists some uious € R, Jvi0vy € R such that vive € fac,_,(L(Q)).

Proof. Consider a grammar G and L = L(G) for which there exists a ¢ € T such
that a uyous € R and for all viove € R, v1vg & facg_1(L). We show that there
isa G’ = (I",R’) such that o ¢ T" but L(G’) = L, and thus G is not canonical.

First, if viva € facg_1(L), then all tier k-factors containing it must be
banned. This means that either vivs = Xwv3x and vivy € R, or for all 7 €
(T'U {x, x}), both Tv1v3 € R and vive7 € R (allowing that x can only be
initial and x final). Note that this applies recursively, e.g. that if viveT = v]ov),
then for all 7" € (T'U {x, x}),vjvh7 € R and 7'v{vy € R (again modulo the
restrictions on x and ). Thus for any string v = tgoty0...t,—10t, € R con-
sisting of n os interpolated with n + 1 strings ¢; € ((T'U {x,x}) — {o})*,
then wtgty...t,u’ € R for all strings u,u’ € (T U {x,x}) — {o})* such that



utoty...tpu’ € facy((T — {o})*). In other words, for all uty...t,u’ € facy(x(T —
{o})*x), uty...t,u’ € R. Now consider G’ = (T", R’) where T’ = T — {0} and
R’ = R — {w|w = viovy for some v1,vs € facy(T™*)}. That is, G’ is identical to
G except that o has been completely removed from 7" and R’.

Let I/ = L(G"). We show that L' = L. For L' C L, note that R’ C R and,
because there is no viove € R/, for all v € R, eraser/ (v) = eraser(v). So if
there is some w € X* s.t. there is a v € R’ and v € facy(eraser (w)), v € R
and u € facy(eraser(w)). Thus w ¢ L’ implies w ¢ L.

For L C L/, consider any v = tgoti0...t,_10t, € R (where each t; is a string
in ((TU{x,x})—{c})* and some w € X* such that v € facy(eraser(w)). As
shown above, for all uty...t,u’" € facy((T — {c})*), uto...t,u’ € R, and so also
uty...tpu’ € R’ . Thus there is some utgty...t,u’ € R’ such that utgty...tpu’ €
facy(eraser (w)), and so w ¢ L implies w ¢ L'.

Thus, L(G) = L(G’) but T € T”, so G is not canonical. O

Example 2. Consider G = ({b,a} ,{bab} ). This is canonical for k¥ = 3, and sat-
isfies Lemma 1. For example, for a, bab is a banned 3-factor but bb is an allowed 2-
factor in L(G) (witnessed by the string abba € L(G2)) and for b, ab is an allowed
2-factor (as aab € L(G3)). Consider then G’ which is identical except bb is not a 2-
factor in L(G"). This means that L(G’) = ({a, b}, , {bab, xbb, bbix, bba, abb} ,),
where R’ bans all tier 3-factors that contain bb. However, L(G’) is not canonical,
as L(G") = L({{b} , {xbb, bbb, bbx })), and {b} C T".

Finally, if G is a canonical grammar then the following holds for all o & T'.
Lemma 2. The following are both true if and only if o € T':

1. Yoy € fac,_(L),vi0vs € fac,(L).

2. Yviovy € fac, (L), v1v2 € fac,(L).

Proof. (—) This follows straightforwardly from the definition of a TSL gram-
mar. For (1), if 0 € T, then for any w = wyjvivawy € L, there is also a w’ =
wyviovawe € L. This is because when o & T, eraser(w) = eraser(w’), and
thus the two strings are equivalent with respect to G. The same applies to (2):
if o € T, then for any w’ = wiviovowy € L, there is also a w = wyvivews € L.

(«-) We show that for any o that is a member of T, either (1) or (2) is false.
There are two important cases for ¢ € T. Either there is some viovs € R, or
there is no such member of R and ¢ is thus unrestricted. For the case in which
there does exist a viovy € R, it follows directly from Lemma 1 that (1) is false,
because we know that there is some ujug € facy_1(L(G)) for which ujous € R,
which implies that ujous € facy(L(G)).

For any o € T for which there is not some viovs € R, (2) will always be
false as long as R is nonempty. Consider any vivs € R. It must be true that
viovh € facgy1(L), because any u € facy(vjov)) necessarily contains o, and
thus u ¢ R. However, because v{vh € R, vivh & faci(L) by the definition of a
TSL grammar, and so (2) is false. O

Ezample 3. For ¥ = {a,b,c}, consider G = ({a,b,c}; ,{bab}y). For b, (1) is
false because bb is a 2-factor in L(G), but bab is not a 3-factor in L(G). For ¢,
(2) is false because beab is a 4-factor in L(G) but bab is not a 3-factor.



4 The Tier-based Strictly k-Local Inference Algorithm

We can now define an efficient learning algorithm for learning a TSLj, language,
for any k, by taking advantage of the properties of canonical TSL; grammars
proven in Lemmas 1 and 2 in §3.3. The algorithm is given below in Algorithm
1. Proofs of its correctness and efficiency are given in §5.

Data: A finite input sample I C X*, a positive integer k
Result: A k-TSL grammar G = (T, R)
Initialize T' = X;
foreach 0 € T do
if a) Vvive € fack—1(I),vi0v2 € fack(l) and
b) Yviovs € facky1(I), v1v2 € facy(l) then
| remove o from T'
end
end
Initialize R to fac(T™);
foreach u € facy (1), facy(l) do remove u from R;
Algorithm 1: The Tier-based Strictly k-Local Inference Algorithm

Recall from Lemma 2 that, for a language L whose canonical grammar is
G =(T,R), for any 0 € X, 0 ¢ T if and only if (1) Vvjvy € facy_1(L),v10v2 €
fack(L) and (2) Yviovg € facki1(L),v1v2 € fack(L). Given a set of input data
I, the algorithm searches for exactly these pairs for each o € Y. If all such pairs
are present in I, then o is removed from the algorithm’s hypothesis for the tier.
In this way, the algorithm can identify members of X' that have the properties
established in Lemma 2 and correctly remove them from the tier.

To describe the algorithm in more detail, it first sets its hypothesis for the tier
to Y. Then, in the first foreach loop, it cycles through each ¢ € X, searching
for the above information. Specifically, for every vivs in the k — 1-factors of
I, it searches for viovy in the k-factors of I, in order to determine whether o
is permitted to co-occur with every k — 1-factor that is otherwise unrestricted.
Likewise, for every viovs in the k + 1-factors of I, the algorithm searches for
102 in the k-factors of I, in order to determine that there is no k-factor whose
occurrence in the language is dependent on the intervening o. If it finds all such
pairs, then it removes o from its hypothesis for the tier. Having calculated a
hypothesis for the tier, it then calculates a hypothesis for R by initializing its
hypothesis to the full set of possible k-factors of 7% and then removing from this
hypothesis any tier k-factor it finds in the k-factors of I. In other words, all tier
k-factors not seen in I will appear in the algorithm’s hypothesis for R.

Ezample 4. Consider a case in which k = 3, X' = {a, b}, and the target language
is L(G) where Gy = ({b},. ,{bbb}, ) and the algorithm is given as an input
a sample I from L where I = {\,a, b, bb, aaa, bab, abba, aabaabaa}. Given I, the
algorithm will return a grammar G = (T, R) where T = T, and R = R.. To see
how, Table 1 lists the k — 1-factors, k-factors, and k 4 1-factors of I.



First, the algorithm initializes its hypothesis T' to {a, b}, then in the first
foreach loop checks if either a or b meets the conditions in the if statement
for removal from T'. Say the algorithm first considers a. In condition (a) of the
if statement, the algorithm checks that for every vive € fack_1(I), viavy €
facy(I). This is true in all cases: for example, xa € facg_1(I) (row (b) in
Table 1), and xaa € facg(I) (row (e)); also, bb € facg_1(I) (row (d)), and
abb, bab,bba € facp(I) (rows (g), (), and (g), respectively). Thus, a satisfies
condition (a) of the if statement. Next, condition (b) in the if statement checks
that, for every viave € fack41(l), vive € fack (). This is also true: for example,
xaaa € facky1(I) (row (e)) and xaa € fack(l) (also row (e); also, abba €
faci+1(I) (row (g)) and bba,abb € fack(I) (also row (g)). So a also satisfies
condition (b) of the if statement. It is thus removed from T.

This, however, does not occur with b. In condition (a) of the if statement,
the algorithm will check to see if the k — 1-factor bb (which appears in row (c))
has a corresponding k-factor bbb. This does not appear in I. In fact, no sample
of L(G.) will contain bbb as a 3-factor, as bbb € R,. Thus b will remain on 7'

Having checked through each symbol in X for removal from T', the algorithm
then calculates its hypothesis for R in the second foreach loop. First, it initializes
R to all possible tier k-factors; in this case, this is equal to { xx, xbx, x1bb, bbix, bbb}.
Note that all but bbb are attested in Table 1, so the foreach loop will remove
all but bbb from R. Thus, the algorithm returns a grammar (T, R) = (T, R.).

l Input string k-1-factors k-factors k+1-factors ‘
a. A X X

b. a Xa, ax Xax

c. b b, bix Xbx

d. bb bb xbb, bbx X bbx

e. aaa aa xaa, aaa, aax Xaaa, aaax

f. bab ba, ab xba, bab, abx xbab, babix

g. abba ab, ba xab, abb, bba, bax  xabb, abba, bbax

h. aabaabaa — aab, aba, baa xaab, aaba, abaa, baax

Table 1. Breakdown of the factors of I from Example 4. Each row gives the new 2-, 3-,
and 4-factors (i.e., the k — 1-, k—, and k + 1-factors) generated from each data point.

Of course, the algorithm can only accurately determine if a symbol o is on
the tier if the data in I is somehow representative of the target language L.
Definition 5 below defines a set D of data that I must contain in order for it
to be representative of L. The following section will then prove that any such
representative sample is a characteristic sample, in the sense defined in §2.1.

Definition 5 (Representative sample). For a TSLy language L whose canon-
ical grammar is G = (T, R), S = fac,(T*) — R, P = {0 | viovs € R}, a set D
is a representative sample of L if it meets the following conditions:



1. Non-tier element condition. For all non-tier elements o &€ T,
(a) Yvive € fac,_,(L),3viovs € fac, (D).
(b) Yviovs € fac, (L), Fvivs € fac, (D).
2. The tier element condition. For each o € T,
(a) if o € P, then Jvivs € fac,_,(D) s.t. viove € R
(b) if o & P, then Jviovs € fac, (D), where vivs € R
3. Allowed tier k-factor condition. For allv € S,3w € D s.t. v € fac,(w).

Essentially, Definition 5 states that a representative sample is a set that
contains the relevant information for each ¢ € X to distinguish it as a non-
member or member of the tier. The non-tier element condition ensures that for
each o € T, a representative sample includes in its k-factors at least one viovy
for every vyve in the k — 1-factors of L and at least one vyvy for every viov;
in the k& + 1-factors of L. Again, the presence of these k-factors was shown by
Lemma 2 to be definitional for non-members of T

For any o € T, the tier element condition ensures that the representative
sample includes sufficient information to identify o as a member of the tier. This
is done by ensuring the inverse of Lemma 2 is true: that for ¢ for which such
there is some viove € R (and thus will never appear as a k-factor in a sample
of L), there is some vjvy € fack_1(D). Note that Lemma 1 guarantees such a
V102 to exist as a k — 1-factor of L. For o € T for which no such k-factor exists
in R, part (b) of the tier element condition states that a representative sample
must include some vy0vsy as a k+ 1-factor, where v1v3 € R. Thus, for any o € T,
a representative sample includes information showing that o does not obey the
properties Lemma 2 establishes for non-tier elements.

Finally, the allowed tier k-factor condition, ensures that the representative
sample includes all tier k-factors allowed by G.

5 Identification in polynomial time and data

We now prove that the KTSLIA can correctly identify any TSL language in
polynomial time and data. First, we establish its time complexity.

Lemma 3. Given an input sample I of size n, k TSLIA runs in time polynomial
in the size of n.

Proof. The algorithm needs to calculate the k—1-, k-, and k4 1-factors of I, each
of which (per Remark 1) takes time linear in n. Note also that the cardinality
of each of these sets of factors is bound by n.

The first foreach loop is called exactly |X| times. Checking condition (a)
in this loop requires that for every member of facg_1(I), the algorithm passes
through facg(I) k + 1 times (for each o1...05_1 € facg_1(I), it must check for
V10V € fack(I) where v; = A\, vy = 01...0k—1, V1 = 01,V2 = 02...0g—1, V1 =
0102,V = 03...05_1, etc.). Thus condition (a) requires n- (k+1)-n = (k+1)-n?
steps. Checking condition (b) requires that, in the worst case, for each member
of facy1(I), the algorithm passes through facy(I) k+1 times, taking (k+1)-n?



steps. Since fac is calculated in linear time, the time complexity for this loop is
therefore O(|X]2(k + 1)n?) = O(n?) since | Y| and k are constants.

The final step of the algorithm, identifying the permissible tier-based k-
factors, requires one final run through the k-factors of I, which again takes
n steps. In total, the algorithm runs in O(3n + n? + n) = O(n?) time. O

Lemma 4. For a language L, the size of the representative sample D for L is
polynomial in the size of G for any grammar G of L.

Proof. The non-tier condition requires that for each o ¢ T and for each vivs €
facg_1(L), the sample minimally contains a vyovy factor. The length of these
strings equals | X — T'| - |X|k~1 . k. Additionally, for every o ¢ T and for each
viove € facgy1(L), the sample includes minimally a vve substring. The com-
bined length of these strings is | X — T - |X|¥ - (k + 1). The tier condition re-
quires that for each o € T there is minimally either one string v;v, such that
v10vy € R or one string viovs such that vive € R. The total length of these
strings is at most |T| - (k + 1).The allowed tier k-factor condition requires for
each u € S that minimally u is contained in the sample. Hence the length
of these words equals |S|. Altogether, there is therefore a sample D such that
|ID|| = |X~T| |2 k+|X~T|-|2|* (k+1)+|T|- (k+1)+|S|. Since |T| is
bounded by |X| and |S| and |R| bounded by |X|*, || D|| is bounded by O(|X|¥).
As |X| and k are constant, ||D|| is thus bounded by a constant. O

Lemma 5. Given any superset I of a representative sample D for a TSLy, lan-
guage L whose canonical grammar is G = (T, R), the kTSLIA will return a
grammar G' = (T', R') such that T' =T.

Proof. This is essentially due to the fact that a representative sample is de-
fined as one which contains the information established in Lemmas 1 and 2 as
distinguishing symbols on the tier from non-tier symbols in a canonical TSL
grammar. Let L = L(G). We show that o ¢ T implies o € T’ and that ¢ € T
implies 0 € T, and thus that T = T".

First, for any non-tier element ¢ ¢ T, o ¢ T’ if and only if Vuvjvy €
facyp_1(I),viov2 € facy(I) (condition (a) of the algorithm) and Vuviove €
facgi1(),v1v2 € facg(I) (condition (b) of the algorithm). Part (1a) of the
non-tier element condition for the representative sample (Def 5-1a) guarantees
that for any possible k — 1-factor vyve of L that viovy € facg(D). (Such a k+1
factor is guaranteed to exist in L by Lemma 2-2. Recall that if o € T, then
eraser(vivy) = eraser(vi0vs), and so G cannot distinguish between them; i.e.
v1v92 appears in L iff v1ovy does as well). Thus for any superset I of D consistent
with L, if vjuy € faci_1(I) then viove € fack(I). So o satisfies condition (a).

Similarly, part (1b) of the non-tier element condition for the representative
sample requires that for any vive € facg(L), then viovy € facgi1(D). (Again,
this is possible because G will not distinguish between vivs and viovs, and so
if vjvy € facg (L), then viove € facky1(L)). Thus, for any vive € fack(I) that
the algorithm encounters, it will also v1ve € facg(I). Thus o will also satisfy
condition (b) and be taken off of the tier. Thus o & T implies o ¢ T".



For o € T, if there is a viovy € R, then part (2a) of the tier element condition
for the representative sample (Def 2-1a requires that v1ve € facy_1(D). Thus
I is guaranteed to contain some k — 1-factor vjve for which there will be no
viovy € facy(l), as long as I is consistent with L. Thus o will fail condition (a)
of the algorithm for removal from the tier.

If there is no viovy € R, then part (2b) of the tier element condition for the
representative sample (Def 2-2b) requires that there must be some v1v9 € R such
that viove € facgy1(D). (Such a k + 1 factor is guaranteed to exist because,
again, there are no restrictions on ¢.) As any sample consistent with L will never
contain vyvg, o is guaranteed to fail condition (b) for removal from the tier.

Thus, in either situation o fails one of the algorithm’s conditions (a) and (b)
for removal from the tier, and so o € T implies 0 € T’. Thus T =T". O

Lemma 6. Given any superset I of a representative sample D for a TSLy lan-
guage L whose canonical grammar is G = (T, R), the kTSLIA will return a
grammar G' = (T', R') such that R’ = R.

Proof. By Lemma 5, T = T’. Thus, in the last two lines of the algorithm R’ is
initialized to facy(T"*) = facy(T*), and the final foreach loop will correctly
locate all u € facy(T*) found in D. By Definition 2 of the representative sample,
D will contain all allowable tier substrings in S = facy(T*) — R. These will thus
all be removed from R’ by the algorithm, and so R’ = facy(T*)—S=R. O

Lemma 7. A representative sample D for L is a characteristic sample for L.

Proof. From Lemmas 5 and 6, given a superset of D the KTSLIA will return
a grammar G’ = (T, R’) such that 77 = T and R’ = R, where (T, R) is the
canonical grammar for L. Thus L(G') = L. O

Theorem 1. For any TSLy language L, the k' TSLIA identifies L in polynomial
time and data.

Proof. From Lemmas 3, 4, and 7. O

6 Discussion and Conclusion

The main contributions of this paper have been twofold. One, it redefined the
notion of a canonical TSL; grammar, and proved several resulting important
properties of members and non-members of the tier. Two, it established an algo-
rithm which uses these properties that is guaranteed to induce a TSL; grammar
in polynomial time and data.

Future work can now examine how results can be applied directly to nat-
ural language learning, the context that TSL languages were initially designed
to model. While this paper has established, based on the aforementioned prop-
erties of members and non-members of the tier, a characteristic sample for the
kTSLIA, it remains to be seen whether or not this characteristic sample appears



in natural language data. Future work can examine to what extent this informa-
tion is present in phonological corpora, and discuss what modifications may be
necessary for the algorithm to be successful in these situations (as done in [8] for
the 2TSLIA). Furthermore, while the learner presented here is fundamentally
categorical and thus brittle in the face of noisy data, future work can build on
the results here to create a stochastic version of the k¥ T'SLIA.
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